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ON EQUALITY OF NEF AND PSEUDOEFFECTIVE CONES OF
PROJECTIVE BUNDLE
SNEHAJIT MISRA
Abstract. In this article, we consider the projective bundle PX(E) over a smooth complex
projective variety X where E is a semistable bundle on X with c2(End(E)) = 0. We give a suf-
ficient condition to get the equality Nef
(
PX(E)
)
= Eff
(
PX(E)
)
of nef cone and pseudoeffective
cone of PX(E). As an application of our result, we show the equality of nef and pseudoeffec-
tive cones of projective bundles over some special varieties. In most of these cases, we give a
complete description of these cones in terms of its nef generators.
1. introduction
In the last few decades, a number of notions of positivity have been used to understand the
geometry of the higher dimensional projective varieties. The cone of nef divisors on a smooth
projective variety X , denoted by Nef(X), and closure of the cone generated by effective divisors
on X called as pseudoeffective cone, denoted by Eff(X), are two fundamnetal invarinats of X
which play a very crucial role in this understanding. So there is a lot of interest in finding
ways to describe these cones for various projective varieties. Most of the developments in this
direction has been successfully summarized in [L07], [L11]. Also see [BP14], [BHP14], [KMR19],
[MOH14], [MSC15] for more recent developements about these cones.
In his paper [M85], Miyaoka found that in characteristic 0, the nef cone Nef
(
PC(E)
)
of the
projective bundle PC(E) over a smooth curve C which is defined by a semistable bundle E on
C is determined by the smallest slope of any nonzero torsion free quotient of E. He also proved
that E is a semistable bundle over the smooth curve C if and only if the nef cone Nef
(
PC(E)
)
and pseudoeffective cone Eff
(
PC(E)
)
coincide. More generally, the nef cone Nef
(
Grs(E )
)
and
pseudoeffective cone Eff
(
Grs(E )
)
of the Grassmannian bundle Grs(E) parametrizing all the s
dimensional quotients of the fibres of E where 1 ≤ s ≤ r − 1, has been calculated in [BP14]
and [BHP14] extending Miyaoka’s result to characteristic p.
However, examples are given in [BHP14] to show that this characterization of semistability
in terms of equality of nef and pseudoeffective cone is not true for vector bundles on higher
dimensional projective varieties. More specifically, they produce examples of semistable bundle
E on a smooth projective variety X with c2
(
End(E)
)
not numerically zero, but Nef
(
PX(E)
)
(
Eff
(
PX(E)
)
(see section 5, [BHP14]).
In this article, we prove the following :
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Theorem 1.1. Let E be a semistable vector bundle of rank r on a smooth complex projective
variety X with c2
(
End(E)
)
= 0, and pi : PX(E) −→ X be the projectivization map. Further we
assume that c1
(
pi∗OPX(E)(D)
)
∈ Nef(X) for every effective divisor D in PX(E). Then
Nef
(
PX(E)
)
= Eff
(
PX(E)
)
.
Moreover, if in addition Nef(X) is a finite polyhedral cone generated by nef classes L1, L2, · · · , Lk,
then
Nef
(
PX(E)
)
= Eff
(
PX(E)
)
=
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
,
where λE := c1(OPX(E))−
1
r
pi∗c1(E).
In general, when the Picard number of a projective variety X is at least 3, the nef cones
might not be a finite polyhedron, and hence are not so easy to calculate. As applications of
the above result, we calculate the nef cones and pseudeoeffective cones of projective bundles
PX(E) for semistable bundles E with c2(End(E)) = 0 on different smooth projective varieties
X with high Picard numbers. In particular, we prove the following
Theorem 1.2. Let X be a smooth complex projective surface such that NE(X) = Nef(X).
Assume that E is a semistable vector bundle of rank r on X with c2
(
End(E)
)
= 0, and pi :
PX(E) −→ X be the projection. Then Nef
(
PX(E)
)
= Eff
(
PX(E)
)
.
Moreover, if in addition Nef(X) is a finite polyhedral cone generated by nef classes L1, L2, · · · ,
Lk, then
Nef
(
PX(E)
)
= Eff
(
PX(E)
)
=
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
,
where λE := c1(OPX(E))−
1
r
pi∗c1(E).
We also produce examples of semistable bundles E with c2(End(E)) = 0 on a smooth ruled
surface X having NE(X) 6= Nef(X) such that Nef
(
PX(E)
)
( Eff
(
PX(E)
)
(see Remark 1).
As an application of our main result, we also prove the following
Theorem 1.3. Let X be a smooth complex projective surface X with NE(X) = Nef(X) and
E1, E2, · · · , Ek be finitely many semistable vector bundles on X of ranks r1, r2, · · · , rk respec-
tively with c2
(
End(Ei)
)
= 0 for all i ∈ {1, 2, · · · , k}. Then
Nef
(
PX(E1)×X PX(E2)×X · · · ×X PX(Ek)
)
= Eff
(
PX(E1)×X PX(E2)×X · · · ×X PX(Ek)
)
.
Analogus result has been proved for vector bundles over smooth complex curve and smooth
complex projective variety with Picard rank 1 ( Theorem 3.9, Theorem 3.11).
2. Preliminaries
All the algebraic varieties are assumed to be irreducible and defined over C, the field of
complex numbers. In this section, we recall the definition and basic properties of nef cone and
pseudoeffcetive cone. We refer the reader to [L07] for more details.
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2.1. Nef cone and Pseudo-effective cone. A line bundle L over an irreducible projective
variety X is called numerically effective or nef if L · C ≥ 0 for every irreducible curve C ⊂ X .
Similarly, a Cartier divisor D on X (with Z,Q or R coefficients) is called nef if D · C ≥ 0 for
all irreducible curves C ⊂ X . The convex cone of all nef R-divisors classes in the real Ne´ron
Severi group N1(X)R := N
1(X)Z⊗R := Pic(X)/Pic
0(X)⊗R is called the nef cone of X and is
denoted by Nef(X) ⊂ N1(X)R. (Here Pic
0(X) denotes the subgroup of numerically trivial line
bundles on X). The convex cone generated by ample divisors in N1(X)R is called the ample
cone, denoted by Amp(X). By [K66] Nef(X) = Amp(X) and Amp(X) = int
(
Nef(X)
)
.
A formal sum γ =
∑
i
ai · Ci ∈ Z1(X)R, where ai ∈ R and Ci ⊂ X is an irreducible curve in
X , is called numerically trivial if D · γ = 0 for every divisor D in X . We denote N1(X)R :=
Z1(X)R/Z
0
1 (X)R. (Here Z
0
1 (X)R denotes the subspace of Z1(X)R which are numerically trivial.
The cone of curves, denoted by NE(X) ⊂ N1(X)R, is the cone spanned by the classes of all
effective one-cycles on X i.e.
NE(X) =
{ ∑
i
aiCi | Ci ⊂ X an irreducible curve, ai ∈ R≥0
}
It’s closure NE(X) ⊂ N1(X)R is the called the closed cone of curves in X . NE(X) is the closed
cone dual to Nef(X) [Proposition 1.4.28, [L07]] i.e.
NE(X) =
{
γ ∈ N1(X)R | δ · γ ≥ 0 for all δ ∈ Nef(X)
}
.
A class c in N1(X)R is called effective if c =
[
OX(D)
]
∈ N1(X)R for some effective divisor
D on X . The convex cone generated by the set of all effective classes in N1(X)R is denoted
by Eff(X), it’s closure Eff(X) is called the pseudoeffective cone of X . Also, we always have
Nef(X) ⊆ Eff(X).
2.2. Semistability of Vector bundles. Let X be a smooth complex projective variety of
dimension n with a fixed ample line bundle H on it. The slope with respect to H of a vector
bundle E of rank r on X is defined as
µH(E) :=
c1(E) ·H
n−1
r
∈ Q.
A vector bundle E on X is said to be H-semistable if µH(F ) ≤ µH(G) for all its subbundles F
of G. More details about semistable bundles can be found in [HL10].
Throughout this article, the projective bundle PX(E) associated to a vector bundle E over
a projective variety X is defined as PX(E) := Proj
(⊕
m≥0
Symm(E)
)
. We will simply write P(E)
whenever the base space X is clear from the context.
3. Main Result
Theorem 3.1. Let E be a vector bundle of rank r on a smooth projective variety X. Then the
following are equivalent
(1) E is semistable and c2
(
End(E)
)
= 0.
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(2) λE := c1(OP(E))−
1
r
pi∗c1(E) ∈ Nef(X).
(3) For every pair of the form (φ, C), where C is a smooth projective curve and φ : C −→ X
is a non constant morphism, φ∗(E) is semistable.
Proof. See Theorem 1.2 in [BB08] or Theorem 1.4 in [BR06]. 
Since nefness of a line bundle does depand on the fixed polarization (i.e. fixed ample line
bundle H) on X , the above theorem implies that the semistability of vector bundle E with
c2
(
End(E)
)
= 0 is independent of the fixed polarization H .
We have the following lemma as an easy application of the previous Theorem 3.1.
Lemma 3.2. Let ψ : X −→ Y be a morphism between two smooth complex projective variety
and E is a semistable bundle on Y with c2
(
End(E)
)
= 0. Then the pullback bundle ψ∗(E) is
also semistable with c2
(
End(ψ∗E)
)
= 0.
Proof. Let φ : C −→ X be a non constant morphism from a smooth curve C to X . As E is
semistable bundle on Y with c2
(
End(E)
)
= 0, by the previous Theorem 3.1 we have (ψ◦φ)∗E =
φ∗(ψ∗E) is semistable on C. Hence ψ∗E is semistable bundle on X with c2
(
End(ψ∗E)
)
= 0. 
Theorem 3.3. Let E be a semistable vector bundle of rank r on a smooth complex projective
variety X with c2
(
End(E)
)
= 0, and pi : P(E) −→ X be the projectivization map. Further we
assume that c1
(
pi∗OP(E)(D)
)
∈ Nef(X) for every effective divisor D in P(E). Then
Nef
(
P(E)
)
= Eff
(
P(E)
)
.
Moreover, if in addition Nef(X) is a finite polyhedral cone generated by nef classes L1, L2, · · · , Lk,
then
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
,
where λE := c1(OP(E))−
1
r
pi∗c1(E).
Proof. Let D be an effective divisor on P(E) such that OP(E)(D) ≃ OP(E)(m)⊗ pi
∗(L) for some
integer m and a line bundle L ∈ Pic(X). Then
H0
(
P(E),OP(E)(m)⊗ pi
∗(L)
)
= H0
(
X, Symm(E)⊗ L
)
6= 0,
which implies m ≥ 0.
Now by our hypothesis c1
(
pi∗OP(E)(D)
)
= c1
(
Symm(E)⊗ L
)
= rank
(
Symm(E)
){
m
r
c1(E) + c1(L)
}
∈ Nef(X),
so that m
r
c1(E) + c1(L) ∈ Nef(X).
As E is a semistable bundle onX with c2
(
End(E)
)
= 0, we also have c1
(
OP(E)(1)
)
− 1
r
pi∗c1(E)
is in nef cone of P(E).
Hence, OP(E)(m)⊗ pi
∗(L)
≡ m
(
c1(OP(E))
)
+ pi∗c1(L)
≡ m
{
c1(OP(E))−
1
r
pi∗c1(E)
}
+ m
r
(
pi∗c1(E) + pi
∗c1(L)
)
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≡ m
{
c1(OP(E))−
1
r
pi∗c1(E)
}
+ pi∗
(
m
r
c1(E) + c1(L)
)
∈ Nef
(
P(E)
)
.
Therefore, Eff
(
P(E)
)
⊂ Nef
(
P(E)
)
⊂ Eff
(
P(E)
)
. Taking closure, we get
Nef
(
P(E)
)
= Eff
(
P(E)
)
.
In addition, if Nef(X) is finite polydedra generated by L1, L2, · · · , Lk, then
m
r
c1(E) + c1(L) ≡
x1L1 + x2L2 + · · ·+ xkLk (say) for some non-negative real numbers xi’s. The above calculation
then shows that in this case
Eff
(
P(E)
)
⊆
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
⊆ Nef
(
P(E)
)
,
which implies that
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
.
This completes the proof. 
Corollary 3.4. If E is a semistable vector bundle of rank r on a smooth complex projective
curve X, then Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
x(ζ − µ(E)f) + yf | x, y ∈ R≥0
}
where ζ =
c1
(
OP(E)(1)
)
and f is the numerical class of the fibre of pi : P(E) −→ C.
Proof. For any effective divisor D on X such that OX(D) ≃ OP(E)(m) ⊗ pi
∗L for some line
bundle L on X ,
H0
(
OX(D)
)
= H0
(
Symm(E)⊗ L
)
6= 0.
Since Symm(E) ⊗ L is semistable, in particular we have µ
(
Symm(E) ⊗ L
)
≥ 0. This implies
deg
(
c1(Sym
m(E)⊗L)
)
≥ 0, and hence c1(pi∗OP(E)(D)) = c1(Sym
m⊗L) is nef for every effective
divisor on D in X . Now c2(End(E)) = 0 (as second Chern class of a vector bundle vanishes on
curves). Therefore, by Theorem 3.3 we have
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
xλE + yf | x, y ∈ R≥0
}
=
{
x(ζ − µ(E)f) + yf | x, y ∈ R≥0
}
.

The above Corollary 3.4 is a well known result of Miyaoka [Theorem 3.1, [M85]]. So Theorem
3.3 can be seen as a generalization of Miyaoka’s result in higher dimension.
Theorem 3.5. Let X be a smooth complex projective surface such that NE(X) = Nef(X).
Assume that E is a semistable vector bundle of rank r on X with c2
(
End(E)
)
= 0, and pi :
P(E) −→ X be the projection. Then Nef
(
P(E)
)
= Eff
(
P(E)
)
.
Moreover, if in addition Nef(X) is a finite polyhedral cone generated by nef classes L1, L2, · · · ,
Lk, then
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
y0λE + y1pi
∗L1 + · · ·+ ykpi
∗Lk | yi ∈ R≥0
}
,
where λE := c1(OP(E))−
1
r
pi∗c1(E).
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Proof. Let D be an effective divisor on P(E) such that OP(E)(D) ≃ OP(E)(m)⊗ pi
∗(L) for some
integer m and a line bundle L ∈ Pic(X). Then pi∗
(
OP(E)(D)
)
= Symm(E)⊗ L.
As E is a semistable bundle on X with c2
(
End(E)
)
= 0, Symm(E)⊗L is also H-semistable
for any ample bundle H on X . Since
H0
(
P(E),OP(E)(m)⊗ pi
∗(L)
)
= H0(X, Symm(E)⊗ L
)
6= 0,
in particular, we have
µH
(
Symm(E)⊗ L
)
≥ 0.
Note that NE(X) = Nef(X) by assumption, and Nef(X) is the closure of ample cone of X .
Hence, for any C ∈ NE(X), there is a sequence {Hn}n∈Z in Nef(X) such that {Hn}n∈Z converges
to C in N1(X)R. Now
c1
(
Symm(E)⊗ L
)
· C = lim
n→∞
c1
(
Symm(E)⊗L
)
·Hn ≥ 0.
Using duality property of the nef cone, we get c1
(
Symm(E)⊗L
)
= c1
(
pi∗OP(E)(D)
)
∈ Nef(X).
Therefore, by the previous Theorem 3.3, we get the result. 
Remark 1. If both E1 and E2 are of rank 2 bundles on a smooth curve C, then nef cone and
pseudoeffective cone of P(E1)×C P(E2) coincide if and only if both E1 and E2 are semistable
rank 2 bundles on C ( see Remark 2, Page 11, [KMR19] ). For example, We consider an elliptic
curve over C. Let E1 be the normalised (in the sense of Hartshorne in [H77]) rank 2 bundle
which sits in the exact sequence
0 −→ OC −→ E1 −→ OC −→ 0,
and E2 = OC ⊕OC(−p) for some point p ∈ C. Consider the following fibre product diagram.
P(E1)×C P(E2) Y = P(E2)
X = P(E1) C
p2
p1 pi2
pi1
The fibre product P(E1) ×C P(E2) can be identified with PX
(
pi∗1(E2)
)
and PY
(
pi∗2(E1)
)
to-
gether with the projections p1, p2 as the corresponding projectivization maps over X and Y
respectively. Since E1 is semistable, pi
∗
2(E1) is also semistable with c2
(
End(pi∗2(E1))
)
= 0. Also,
pi∗1(E2) is unstable bundle with c2
(
End(pi∗1(E2))
)
= 0. We also have NE(Y ) 6= Nef(Y ) and
NE(X) = Nef(X) as E1 is semistable and E2 is unstable. (see Theorem 3.1,[M85]).
By Theorem 4.6 and Theorem 4.8 in [KMR19], we have
Nef
(
PX
(
pi∗1(E2)
))
= Nef
(
PY
(
pi∗2(E1)
))
=
{
x1ζ1 + x2(ζ2 + F ) + x3F | x1, x2, x3 ∈ R≥0
}
( Eff
(
PX
(
pi∗1(E2)
))
= Eff
(
PY
(
pi∗2(E1)
))
=
{
x1ζ1 + x2ζ2 + x3F | x1, x2, x3 ∈ R≥0
}
.
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(
Here ζ1 = p
∗
1
(
c1(OP(E1)(1))
)
, ζ2 = p
∗
2
(
c1(OP(E2)(1))
)
and F is the numerical class of the
fibre of p1 ◦ pi1 = p2 ◦ pi2
)
.
This example shows that the hypotheses of Theorem 3.5 are necessary to get the equality
Nef
(
P(E)
)
= Eff
(
P(E)
)
.
Example 3.6. Let X be a homogeneous surface e.g., any abelian surface. Then Nef(X) =
Eff(X). So in this case, for any semistable vector bundle E with c2
(
End(E)
)
= 0, we get
Nef
(
P(E)
)
= Eff
(
P(E)
)
. For example, let C be a general elliptic curve and X = C ×C be the
self product. Then X is an abelian surface and Nef(X) is a non-polyhedral cone (see Lemma
1.5.4 in [L07]). Let pi : X −→ C be the projection maps. For any semistable vector bundle
F on C, the pullback bundle E := p∗i (F ) is a semistable bundle with c2
(
End(E)
)
= 0. Hence
Nef
(
P(E)
)
= Eff
(
P(E)
)
.
Theorem 3.7. Let X be a smooth complex projective variety of dimension n with Picard number
ρ(X) = 1. Then for any semistable vector bundle of rank r on X with c2
(
End(E)
)
= 0,
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
x0λE + x1(pi
∗LX) | x0, x1 ∈ R≥0
}
where pi : P(E) −→ X is the
projection and LX be the numerical class of an ample generator for N
1(X)Z
Proof. We consider an effective divisor D on P(E) such that OP(E)(D) ≃ OP(E)(m) ⊗ pi
∗(M)
for some positive integer m and some line bundle M ∈ Pic(X). Then H0
(
pi∗(OP(E)(D))
)
=
H0
(
Symm(E)⊗M
)
6= 0. Also Symm(E)⊗M is LX -semistable.
Now if c1
(
pi∗OP(E)(D)
)
≡ kLX ∈ N
1(X)R, then
c1
(
pi∗OP(E)(D)
)
· Ln−1X ≥ 0,
⇒ kLX · L
n−1
X ≥ 0,
⇒ k ≥ 0 (as LX being ample L
n−1
X > 0).
This shows that c1
(
pi∗OP(E)(D)
)
∈ Nef(X) for every effective divisor D in P(E). Therefore
using Theorem 3.3 we conclude that
Nef
(
P(E)
)
= Eff
(
P(E)
)
=
{
x0λE + x1(pi
∗LX) | x0, x1 ∈ R≥0
}
.

Example 3.8. Let X be a smooth complex projective variety with Picard number 1 and
q = H1(X,OX) 6= 0. Then for any line bundle L on X , there is a nonsplit extension
0 −→ L −→ E −→ L −→ 0.
In this case, E is a semistable bundle of rank 2 with c2
(
End(E)
)
= 0. Moreover, for any positive
integer r, the vector bundles of the forms E⊕r⊕L and E⊕r are examples of semistable bundles
of ranks 2r + 1 and 2r respectively with c2
(
End(E⊕r ⊕ L)
)
= c2
(
End(E⊕r)
)
= 0. In this way,
one can produce examples of semistable bundles with vanishing discriminant of any rank on
such X . In all these cases, Nef
(
P(E)
)
= Eff
(
P(E)
)
.
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Theorem 3.9. Let E1, E2, · · · , Ek be finitely many semistable vector bundles on a smooth
complex projective curve C of ranks r1, r2, · · · , rk and slopes µ1, µ2, · · · , µk respectively. Then
Nef
(
P(E1)×C P(E2)×C · · · ×C P(Ek)
)
= Eff
(
P(E1)×C P(E2)×C · · · ×C P(Ek)
)
.
Proof. We will proceed by induction on k. For k = 1, this is precisely the statement of Corollary
3.4. For k = 2, consider the following fibre product diagram.
X2 = P(E1)×C P(E2) P(E2)
X1 = P(E1) C
pi2
pi1
We note that X2 = PX1
(
pi∗1E2
)
and pi2 is the projectivization map over X1. It is enough to
show that c1
(
pi2∗OX2(D)
)
is nef in X1 for every effective divisor D in X2. Let D be an effective
divisor on X2 such that OX2(D) ≃ OX2(m)⊗ pi
∗
2(L) for some positive integer m and some line
bundle L ≃ OX1(n) ⊗ pi
∗
1(M) ∈ Pic(X1). Here n is a positive integer and M ∈ Pic(C) is of
degree l (say). Hence
H0
(
pi2∗OX2(D)
)
= H0
(
Symm(pi∗1E2)⊗ L
)
= H0
(
pi∗1(Sym
mE2)⊗OX1(n)⊗ pi
∗
1(M)
)
= H0
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
6= 0.
As E1 and E2 are semistable bundle over a smooth complex projective curve C, Sym
mE2⊗
SymnE1 ⊗M is also semistable, and therefore has positive degree i.e.,
µ
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
=
(
mµ2 + nµ1 + l
)
≥ 0.
Now, c1
(
pi2∗OX2(D)
)
= c1
(
Symm(pi∗1E2) ⊗ L
)
is nef if and only if m
r2
c1(pi
∗
1E2) + c1(L) ∈
Nef(X1).
Using the induction step k = 1, we have Nef(X1) = Eff(X1) =
{
a(ζ1 − µ1f1) + bf1 | a, b ∈
R≥0
}
. (Here ζ1 denotes the numerical class of OX1(1) and f1 is the numerical class of the fibre
of pi1).
Now m
r2
c1(pi
∗
1E2)+ c1(L) = mµ2f1+nζ1+ lf1 = n(ζ1−µ1f1)+ (mµ2+nµ1+ l)f1 ∈ Nef(X1).
Therefore our claim is proved.
Since pi∗1(E2) is a semistable bundle on X1 with c2
(
End(pi∗1E2)
)
= pi∗1c2
(
End(E2)
)
= 0 (as
second Chern class vanishes on curves), applying Theorem 3.3 to the projection map pi2 : X2 =
PX1
(
pi∗1E2
)
−→ X1 we conclude that
Nef(X2) = Eff(X2).
Proceeding inductively one can deduce that
Nef
(
P(E1)×C P(E2)×C · · · ×C P(Ek)
)
= Eff
(
P(E1)×C P(E2)×C · · · ×C P(Ek)
)
.

Remark 2. The above result generalizes Theorem 4.1 in [KMR19]. Moreover, the induction
steps provide a formula for nef cone of the fibre product at each step. If
pir : Xr := P(E1)×C P(E2)×C · · · ×C P(Er) −→ Xr−1 := P(E1)×C P(E2)×C · · · ×C P(Er−1)
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is the projection map for r ∈ {1, 2, · · · , k} with X0 = C, then
Nef
(
Xr
)
= Eff
(
Xr
)
=
{
x0λψ∗rEr + x1L1 + x2L2 + · · ·+ xrLr
}
where L1, L2, · · · , Lr are the nef generators of the nef cone of Xr−1 and ψr := pi1◦pi2◦· · ·◦pir.
Theorem 3.10. Let X be a smooth complex projective surface X with NE(X) = Nef(X) and
E1, E2, · · · , Ek be finitely many semistable vector bundles on X of ranks r1, r2, · · · , rk respec-
tively with c2
(
End(Ei)
)
= 0 for all i ∈ {1, 2, · · · , k}. Then
Nef
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
= Eff
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
.
Proof. We will prove by induction on k. For k = 1, this is precisely the statement of Theorem
3.5. For k = 2, we consider the following fibre product diagram.
X2 = P(E1)×X P(E2) P(E2)
X1 = P(E1) X
pi2
pi1
We identify X2 as the projective bundle PX1
(
pi∗1E2
)
over X1 and the map pi2 as the projec-
tivization map over X1. It is enough to show that c1
(
pi2∗OX2(D)
)
is nef in X1 for every effective
divisor D in X2. Let D be an effective divisor on X2 such that OX2(D) ≃ OX2(m)⊗ pi
∗
2(L) for
some positive integer m and some line bundle L ≃ OX1(n) ⊗ pi
∗
1(M) ∈ Pic(X1). Here n is a
positive integer and M∈ Pic(X). Hence
H0
(
pi2∗(OX2(D))
)
= H0
(
Symm(pi∗1E2)⊗ L
)
= H0
(
pi∗1(Sym
mE2)⊗OX1(n)⊗ pi
∗
1(M)
)
= H0
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
6= 0.
As E1 and E2 are semistable bundle over a X with c2
(
End(E1)
)
= c2
(
End(E2)
)
= 0,
SymmE2⊗Sym
nE1⊗M is also semistable bundle on X with c2
(
SymmE2⊗Sym
nE1⊗M
)
= 0.
Hence µH
(
SymmE2⊗ Sym
nE1⊗M
)
= c1
(
SymmE2⊗ Sym
nE1⊗M
)
·H ≥ 0 for every ample
line bundle H on X . Let C ∈ NE(X) = Nef(X) = Amp(X) and {Hn}n∈Z be a sequence in
Amp(X) such that {Hn}n∈Z converges to C.
Then c1
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
· C = limn→∞ c1
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
·Hn ≥ 0.
By applying duality property of nef cone we get c1
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
∈ Nef(X).
Note that c1
(
SymmE2 ⊗ Sym
nE1 ⊗M
)
,
= rank(SymmE2) rank(Sym
nE1)
{
m
r2
c1(E2) +
n
r1
(
c1(E1) + c1(M)
)}
.
Therefore m
r2
c1(E2) +
n
r1
(
c1(E1) + c1(M)
)
∈ Nef(X).
Now c1
(
pi2∗OX2(D)
)
= c1
(
Symm(pi∗1E2) ⊗ L
)
is nef if and only if m
r2
c1(pi
∗
1E2) + c1(L) ∈
Nef(X1). Using the induction step k = 1, we have Nef(X1) = Eff(X1) and
λE1 = c1
(
OP(E1)(1)
)
− 1
r1
pi∗1c1(E1) ∈ Nef(X1).
Therefore m
r2
c1(pi
∗
1E2) + c1(L)
= n
{
c1
(
OP(E1)(1)
)
− 1
r1
pi∗1c1(E1)
}
+ pi∗1
{
m
r2
c1(E2) +
n
r1
(
c1(E1) + c1(M)
)}
∈ Nef(X1).
This proves our claim. As pi∗1(E2) is a semistable bundle on X1 with c2
(
End(pi∗1E2)
)
=
pi∗1c2
(
End(E2)
)
= 0, applying Theorem 3.3 to the projection map pi2 : X2 = PX1
(
pi∗1E2
)
−→ X1
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we conclude that
Nef(X2) = Eff(X2).
Proceeding in this similar way inductively we get that
Nef
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
= Eff
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
.

Theorem 3.11. Let X be a smooth complex projective projective variety X with Picard num-
ber ρ(X) = 1 and E1, E2, · · · , Ek be finitely many semistable vector bundles on X of ranks
r1, r2, · · · , rk respectively with c2
(
End(Ei)
)
= 0 for all i ∈ {1, 2, · · · , k}. Then
Nef
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
= Eff
(
P(E1)×X P(E2)×X · · · ×X P(Ek)
)
.
Proof. Using Theorem 3.7 and proceeding similary with induction on k as in Theorem 3.9 and
Theorem 3.10 we get the required equality between nef and pseudoeffective cone of the fibre
product. 
Corollary 3.12. Let X be a smooth complex projective variety and E be a semistable bundle
with c2
(
End(E)
)
= 0. We assume that X has the following property :
For every pair of the form (φ, C), where C is a smooth projective curve and φ : C −→ X is
a non constant morphism, φ˜∗(D) is effective divisor in P
(
φ∗(E)
)
for every effective divisor D
on P(E), where φ˜ as in the following fibre product diagram,
P
(
φ∗(E)
)
P(E)
C X
φ˜
p˜i pi
φ
then we have Nef
(
P(E)
)
= Eff
(
P(E)
)
.
Proof. We will show that c1(pi∗D) is nef for every effective divisor D on P(E). It is enough
to prove that φ∗
(
c1(pi∗D)
)
is nef for every nonconstant map φ : C −→ X from a smooth
curve C to X . By the given assumption we get φ˜∗D is an effective divisor on P
(
φ∗E)
)
.
As E is semistable with c2
(
End(E)
)
= 0, φ∗(E) is also semistable. Hence, c1
(
p˜i∗(φ˜
∗D)
)
=
c1
(
φ∗(pi∗D)
)
= φ∗
(
c1(pi∗D)
)
is nef. Therefore, applying Theorem 3.3 we get that Nef
(
P(E)
)
=
Eff
(
P(E)
)
. 
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